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1 Introduction

The distribution of the sizes of families of paralogous genes in prokaryotic genomes has been found to
follow a remarkable empirical rule, namely a power law with an exponent between 0 and 1 (the so called
Pareto distribution or Zipf law). A number of researchers have pointed this phenomenon and considered
various explanations (e. g. [1-5]).

We suggest a mathematical model of the process of random duplications of genes belonging to an existing
paralog family and introduction of new genes (as a result of mutations or horizontal transfer), which, with
certain probabilities, may or may not give rise to a new paralog family.

2 The Mathematical Model

The suggested model is a Markov branching process. Denote by # the discrete time: £ =0, 1, 2, ... ;

M - the size of the population of non-duplicating genes; N - the size of the population of duplicating genes; A
— the number of families of duplicating genes; Ny — the size of k-th family of duplicating genes (k= 1,2, ...4)
in the order of its emergence. We assume that at any discrete moment of time exactly one individual gene
emerges and, therefore, M + N =¢. Obviously,

2 Nk =N
k=1
The rules of time evolution are given below:
1. Pr{M(t+1)=m+1 | M(t)=m} = o
2. Pr{A(t+1)=a+1 | A(Hy=a} = P (1

3. Pr{N(t+1)= m+1 | N(t) = n # 0} = (l—a—B)%

Let initial conditions be M(0) = 0, N(0) = 0. Then the expected values are:
E(M) = aot; E(V)=(1-a)t; E(4)=Bt
It follows from (1) (after a tedious calculation) that for £~>1, asymptotically,

B
E(V) = [@j @

k
Expression (2) represents a power law with exponent 1— li .
-a
The model is based on just two simple and natural assumptions about the process and contains only two free
parameters. Nevertheless, as shown below, the distribution given by the model turns out to be in amazingly
good agreement (for appropriate values of parameters o and 3) with the empirically observed power-law

distribution of genes among families of paralogs.
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3 Empirical data and results

Since prokaryotic genomes are relatively small, the empirical distributions of sizes of paralog families are
affected by large random fluctuations, which make it difficult to discern the theoretical underlying rule.
However, this problem can be alleviated by considering ortholog families as representing parallel
realizations of the same process of developing paralog families in a number of species. We have used a
well-known COG data set [6] to derive an empirical distribution of the average sizes of paralog families.
The distribution of family sizes ranked in the decreasing order has been compared with the theoretical curve
for the best fitting values of o and  (Fig.1). The empirical distribution follows power law predicted by the
theoretical model with highly remarkable precision (R* = 0.995).
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Figure 1: Distribution of the “average” paralog family sizes. Pearson correlation coefficient between the
empirical data (blue line) and the theoretical curve (red line) is 0.9951. Here x =k, y = E(Vy).
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