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Abstract

Phylogenetic profiling is now an effective computational method to detect functional associations
between proteins. The method links two proteins in accordance with the similarity of their phyletic
distributions across a set of genomes. While pair-wise linkage is useful, it misses correlations in
higher order groups: triplets, quadruplets, and so on. Here we assess the probability of observing co-
occurrence patterns of 3 binary profiles by chance and show that this probability is asymptotically
the same as the mutual information in three profiles. We demonstrate the utility of the probability
and the mutual information metrics in detecting overly represented triplets of orthologous proteins
which could not be detected using pairwise profiles. These triplets serve as small building blocks,
i.e. motifs in protein networks; they allow us to infer the function of uncharacterized members,
and facilitate analysis of the local structure and global organization of the protein network. Our
method is extendable to N-component clusters, and therefore serves as a general tool for high order
protein function annotation.
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1 Introduction

The advent of fully sequenced genomes provides the possibility of systematically annotating large
numbers of genes by comparative genomics. High throughput algorithms that explore genomic context
have been developed to infer functionally linked proteins and consequently to transfer functionality of
annotated proteins to their unannotated partners. Among them are phylogenetic profiling methods [3,
14, 16], which link proteins based on the high correlation between their phyletic distribution across
a suitable set of fully sequenced genomes; the domain fusion method [4, 19], which identifies protein
pairs that fuse into a single peptide in another organism; and chromosomal proximity method [1, 2],
which links proteins based on their co-localization on the chromosome in multiple genomes. These
methods annotate unknown proteins by detecting pair-wise protein functional associations including
co-occurrence in complexes and pathways. However, pair-wise associations do not adequately describe
the full complexity of cellular networks which consist of hierarchies of correlated clusters [11, 12].

Phylogenetic profiling links two proteins based on the correlation between their profiles, i.e. the
binary strings that encode the absence or presence of proteins across a set of genomes. The performance
of phylogenetic profiling in inferring protein functional linkages is quantitatively comparable to, if not
better than, Yeast 2 hybrid [3, 6, 17]. However, since previous work has been limited to evaluating
correlation between protein pairs information on the higher order organization of proteins in the cell
is overlooked.

In this work, we assess two correlates: the probability of observing a specified similarity by chance,
and the mutual information in the triplet, and show that the former approaches the latter asymptoti-
cally. We briefly discuss new logical relations among triplets and their potential biological implications.
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2 Method and Results

Binary Relations The phylogenetic profile of a protein is a binary string recording the presence (1) or
absence (0) of a gene across a suitable set of genomes. If the correlation between the profiles of two
proteins, X and Y, is much greater than would be expected by chance, then they are assumed to be
functionally related. This correlation can be evaluated using the exact probability of observing such
a co-occurrence pattern by chance, or by a Pearson Correlation or Mutual information. Protein pairs
with a profile correlation greater than a pre-selected threshold are considered functionally linked [1, 16].
In this section, instead of identifying protein pairs, we develop two metrics to detect statistically
significant groups of triplets—an exact probability metric and mutual information metric. We show
that the latter is a special case of the former, for very long strings, and discuss their utility in
deciphering higher order organization of protein networks.

2.1 Probability Metric of Phylogenetic Profiles Groups

Pairs

Let N be the number of genomes over which the profiles are defined, with protein X occurring in x
genomes, Y occurring in y genomes, and both occurring in N, genomes. Then P(Nyy|N,z,y), the
probability of observing NN, co-occurrences purely by chance, given N, x and y, can be evaluated by
hyper-geometric distribution [16]
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Note that for the two string case, there are only four independent variables: the length NV, which is
the same for each string; the number of ones in each string (z and y), and the relation between the
two strings, for example, the number of positions at which both strings are equal to one (Ngy). The
metric assumes independence between different genomes.

Ternary Relations

Eight independent variables are needed to characterize the co-occurrence pattern of a triplet of proteins
X, Y and Z which occur respectively in x, y and z out of IV genomes. In fact for a group of M proteins,
2M independent variables are needed. For the triplet, we choose N, z, vy, 2, Ngy, Nyz, Nyz and Ny
where N;; denotes the number of genomes in which genes i and j co-occur and Ny, is the number
genomes in which all three proteins co-occur. We then ask a general question: given N, z, y, and
z, what is P(Ngy, Nyz, Nz, Ney-|N, 2,9, 2), the probability of observing the co-occurrence pattern of
the three strings by chance?

To evaluate this probability, we decompose the formation of the co-occurrence pattern of the three
strings into 7 steps (w; — wz). (i) Distribute the z 1s over the N organisms (wj). (ii) Distribute the
Ny over z organisms (ws). (iii) Distribute the remaining y — Ny, 1s for y over N — z(ws). z, y are
now fixed and N, is satisfied. To distribute z over N while satisfying Ny., Nyz, Nay-, (iv) distribute
Nyy. out of z over Nyy(ws). Then (v) distribute the remaining N, — Ny, 1s over y — Ny (ws)
and (vi) Ny, — Ny, 1s over  — Ngy(wg). (vii) Complete the process by distributing the remaining
2 — Nyy» — (Nyz — Nayz) — (Npz — Nayz) = 2 — Nyz — Nz + Ny 1s over N — x — y + Ny, organisms
(w7). The desired probability can be written as
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is the number of ways of distributing x, y and z over N organisms without restriction. The terms in
the numerator are
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P(Ngy, Nyz, Nyzy Ny | N, z,y, 2) is the number of ways in which  and y and z can be distributed
over N genomes, given that there are Ngy, Ny., N,. co-occurrences of X and Y, Y and Z, X and

Z respectively and N, for all of them, divided by the total number of ways  and y and z can be
distributed without restriction. To write Eqn. (3) in terms of factorials define

where
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which is symmetric in z, y, z. Eqn. (1) is a special case of Eqn. (4) with z = 0.

Eqn. (4) serves as a general metric for identification of statistically significant triplets, i.e. the
members of any triplet whose probability is less than a pre-defined threshold are considered func-
tionally related and are subject to subsequent analysis. This probability can identify statistically
significant triplets for which none of the three pairs are significantly related and can therefore uncover
relationships that are not readily identified using pair-wise profiling.

2.2 Mutual Information in Phylogenetic Profiles

Mutual information MI(X,Y’), which measures the reduction in the uncertainty in a string given the
information in another string, also provides a useful and computationally less expensive measure of
correlation between binary strings of phylogenetic profiles.

MI(X,Y) = H(X) - HX|Y) = HY) - HY|X). (5)

Here H(X) and H(X|Y) are the entropy and conditional entropy of X.
Substituting expressions for the entropy and conditional entropy into Eqn. (5) and manipulating
the sums gives the standard expression for mutual information:
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The expression on the right can also be recognized as the relative entropy (Kullback - Leibler distance)
between the joint distribution p(X,Y’) and marginal distributions p(X) and p(Y’).
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The result is directly generalizable for M strings. In particular the mutual information (S, Sa, ..., Sy)
is

M
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which for triplets is
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To show that Eqn. (4) approaches Eqn. (8) asymptotically, we write the joint probabilities in terms
of /N, y/N, 2/N, Ngy/N, Ny:/N, Ny./N, Npy./N. In particular
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The limiting form of Eqn. (4) can be obtained using Sterling’s approximation
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for all the factorials. Then
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Define a general metric of correlation
1
E—NlogQP 0<C<1 (12)

The upper bound on C is obtained at P = 2=, the lower bound at P = 1. The MI approximation
can be safely used when N, z, y, z all exceed 7 and N, less than 52.

The generalization of Eqn. (11) for an arbitrary number of strings is direct, and involves utilizing
Eqn. (7) for the mutual information.

2.3 Relational Logic and Higher Order Organization

In this section, we briefly discuss the identification of overrepresented triplets, each of whose three
pairs has a low correlation, and the relational logic of the triplets so identified.

Identification of Statistically Significant Triplets

To identify the statistically significant triplets from the 4873 orthologous groups in the COG database
[15], we apply our probability metric (Eqn. (12)) to all triplets that do not contain a protein pair with
pair-wise correlation (C') greater than 0.40. This pre-screen step not only confines our set to triplets
whose subsets cannot be identified using the conventional profiling method but also substantially
decreases the computation time needed. We then filter out those triplets with a correlation less than
0.65. Table 1 shows a list of pair-wise probability based correlations between 5 COGs as an example.
The resulting matrix is symmetric, and of the 10 non redundant pairs only C-D (yellow) exceeds
the threshold, with pairs D-E and C-E (green) marginal. Note that using the traditional profiling
method, if only C were annotated, D could be inferred with a function, and perhaps E, but not A and
B since neither A nor B is correlated with other pathway proteins here. The phylogenetic profiles of
the five COGs are shown in Figure 1. Table 2 lists all possible triplets between these five orthologs.
Seven out of the 10 have a correlation greater than 0.65; A B and C now appear as part of a very
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highly correlated triplet, and the triplet C-D-E is unambiguously correlated (C' = 0.96). However, 2
triplets (B-C-D and C-D-E, in gray) contain C-D and should be filtered out. The remaining triplets
are subject to further analysis, which is discussed in detail in the next section.

Table 1: Pair-wise C of five COGs.

Pair-wise C

A(COG1685) 027 005 005 0.04
B(COGO0703) 0.27 029 029 0.8
C(COG0128) 0.05 0.29 0.56 0139
D(COG0082) 0.05 0.29 0.56 0.39
E(COG1605) 0.04 0.18 [0139 089

A B C D E

Table 2: Probability (C) of triplets from Table 1.

Triplets C'
ABC I
ABD I
ABE [
AC.D 061
ACE  0.46
B,C.D [0.86
B,C.E |
CD.E [0.96
ADE 0.46
BD.E [l

Analysis of Logical Relationships of the Statistically Significant Triplets

There are in general 16 possible logical relationships between an arbitrary set of 3 profiles: AND, OR,
XOR, NEGATE AND etc. Figure 2 shows two examples; one being protein C is present only if A or
B is present, but not both A and B (exclusive OR); the other being C is present only if either A or B
or both are present (inclusive OR).

Determination of logical relationships among groups of strings has been studied previously. Re-
cently Mellor and DeLisi [10] have determined tens of thousands of significant logical relations between
Transcription factors (TFs) and targets by combining gene expression data with protein-DNA pro-
tein interaction data, using a new entropy minimization method to determine the set of experiments
under which the relations hold. Bowers et al. [2] have analyzed logical relations in general based on
phylogenetic profiling using a mutual information method applied to all triplets. With significant
triplets determined using the method in the previous section, logical relations can be obtained rela-
tively rapidly using a simple Hamming distance metric. A preliminary test using the triplets identified
in the previous section finds the same logical relationships obtained by Bowers.

Going beyond triplets, one can also examine the logical relations for quadruplets, e.g. E is present
if any pair drawn from the three genes A, B, C is present. Finding logical relations with high reliability
for groups of size greater than size 3 will require algorithmic advances since computational time is a
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Figure 1: Phylogenetic profiles of the five COGs in Table 1 and 2.

C=A4AUEFE
C is present iff either A
or B or both is present

C=A<->58
C is present iff one of
either A or B is present

Figure 2: Two examples of logical relationships between 3 profiles.

strong non linear function of group size for exhaustive searches of the kind described here, but will be
necessary if we are to fully decipher the logical relationships governing cell behavior.

3 Conclusions

Statistical metrics are developed to identify higher order protein associations in complex cellular
networks. Analysis of phylogenetic profile triplets can be readily extended to larger sets of proteins,
and to gene expression profile correlations, which in its simplest form is mathematically identical.
We envision the general applicability of the method to the analysis of higher order organization of
protein networks, and the potential discovery of interesting network motifs that elucidate the biological
functions.
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