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Abstract

In this paper, we present several methods for computing a solution to the protein side chain
packing problem, with all methods having a common solution approach of breaking the polymer
into subpolymers and using maximum edge weight cliques to prune the search space for the optimal
side chain packing. We characterize the graph sizes generated for each method and compare their
prediction accuracies. These methods are demonstrated for computing proteins up to approximately
8000 residues. In addition, we update a result published previously.
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1 Introduction

The protein side chain packing problem (SCPP) is an important problem in bioinformatics. The prob-
lem consists of, given a protein’s backbone atoms (whether predetermined via throughput techniques
or computational prediction), predicting the location of the resulting side chain atoms, concluding in
the prediction of a protein’s final conformation. Since a protein’s structure affects its function, the
ability to correctly predict a protein’s structure affects the ability to correctly predict its corresponding
function. Correct prediction of protein function paves the way to designing new chemicals and drugs
in order to cure disease and illness.

The SCPP problem has been proven by Akutsu [1] to be NP-hard, so unless P = NP, methods
to find the optimal solution to this problem in polynomial time are unlikely to exist. Hence, the
focus of this paper and attention of researchers has been in how to develop other methods to find
the optimal solution to the problem. These alternative schemes can be broadly classified into the two
categories of heuristic and deterministic methods. For example, rapid tree decomposition [16] and
integer programming approaches [7] are two deterministic methods, while SCAP [15] is one heuristic
method to try and solve the problem.

In this paper, we examine the SCPP from the heuristic aspect of breaking it into subproblems, with
each problem, when solved, contributing to the overall solution of the original prediction problem. The
approach, first given by Bahadur et al. [8] in 2005 for linear subpolymers of even length, is generalized
in this paper. Also presented in this work are several new methods for protein subdivision which are
more realistic in considering a protein’s spatiality.

Many of the methods developed for SCPP transform the problem into a graph [8, 16]. How the
graphs are utilized is where the methods and results differ. As in the method of [8], the methods in
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this paper also transform the problem into a graph in order to find a maximum weight clique, given
an edge weighting function that reflects the frequency of contact pairs in a database of proteins. We
include a characterization of each graph method so that methods can be compared. Compared with
other complicated methods, the algorithms presented here are simple enough that they can be readily
implemented for evaluation or usage.

The rest of this paper is organized as follows. The problem is concretely defined with an overall
solution given in Section 2, along with a discussion of several methodologies for graph generation in
Section 3. The results of those methodologies are presented and discussed in Section 4, including
a revision of the results in [8]. In Section 5, we conclude with additional discussion of the results,
including a fair assessment of the strengths and weaknesses of the approaches presented.

So as to not confuse the reader, we note that we interchangeably use the terms protein and polymer,
with a subpolymer being a portion of the protein input. We also note that the main objective of this
paper is not to correct [8], but more importantly to consider spatially realistic methods of protein
subdivision for side chain packing.

2 Problem Definition

Computational protein structure prediction methods often are done in two phases. The first phase
is threading, or predicting the location of only the backbone atoms. The second phase is side chain
packing, or predicting the location of a protein’s side chain atoms based on its backbone atoms.
Accurate chemical research is dependent on successful execution of both of these steps. Here, let us
describe the overall framework for understanding the side chain packing problem, along with a general
description of an algorithm for solving it.

2.1 Problem

Concretely, the SCPP can be phrased as this: given a protein of NV amino acids and the atom positions
for the backbone atoms in those acids, predict the physical location of each atom present in the side
chains of the amino acids. Let us number the residues (amino acids) of the protein a, a9, as, -, ay.
Each of these acids can be rotated into a particular conformation (rotamer) about the y; axis, making
a torsion angle between the C, atom and the side chain. In [5, 16], rotamer libraries are used to define
the rotation angles through which particular acids may rotate, though similar to [8], they are not
used in this report. By excluding rotamer libraries, algorithm implementations need not be concerned
with details of rotamer libraries, and additionally, the algorithm is applicable to proteins which are
not covered by rotamer libraries. As will be shown, fears that an excessive number of rotamers are
generated are quelled by eliminating many rotamers before graph generation.

In this paper and in [8], we wish to divide the protein P into p subpolymers P, P», - - -, P,, where
obviously p < N. For each subpolymer P;, rotamers are generated for each amino acid a; € P;,
beginning at a random angle 6; for each acid a;, and generating a new rotamer at every 2% degrees,
where R is the specified number of rotamers to generate per amino acid. Hence we generate rotamers
Tu,j v for subpolymer u’s jth residue rotated 6; + (27rv/R) degrees. Note again that initial rotation
angles 0; are independently generated for each residue ay,---,any € P. Following the method of [10],
the value of R is set to 20, but could be adjusted as needed for more or less precision.

Here, it becomes easy to understand why this combinatorial optimization problem is intractable.
For a protein of N amino acids, we generate R rotamers, initially resulting in RN configurations and,
as to be explained, N R graph vertices to search. As the size of the protein increases to considerable
size (e.g., the PDB Data Bank [4] structure Izwl has 580 residues), our search space grows rapidly,
especially if we increase the polymer size and the number of rotations R simultaneously. Using the
same example, this generation process immediately creates an initial search space of more than 3x107%
possible configurations, and 11,600 graph vertices for the protein Izwl.



Side Chain Packing Using Maximum Weight Cliques 5

S N, F N, V,
TP N U I R
[s.. [ Cr. .. [(via
Cls. [Cws (e Ovia

s v

Figure 1: The side chain packing problem recast as a graph-theoretic problem. For each acid A;, we
generate up to R rotamers A; 1, ...,A; g. In this example R = 4, and those acids in with less than 4
rotamers have had some rotamers eliminated through consistency checks, as explained in Section 2.2.

We transform the problem into a graph theoretic-problem. This is done because there is a sense
of spatial interconnectedness amongst the atoms in a protein, and we need our solution to reflect this.
For each of the rotameric configurations we have generated, we let each individual configuration (of all
atoms in an arbitary rotamer) be represented by a vertex in a graph, as shown in Figure 1. To capture
the interconnectedness of a real protein, we assign weights to the edges between vertices in our graph
using a weighting function. The interested reader is directed to [12] for the details of the weighting
function, but in short, the function uses a database of known protein structures and calculates an
all-atom distance dependent probability function for assigning weights. Returning to our problem, we
wish to find the maximum edge-weight clique in the graph (a clique is a connected graph, c.f. [6])
which represents the most likely final configuration of the protein being calculated. In order to ensure
that the resulting clique is a spatially realistic polymer, we must check for consistency, as detailed
below.

2.2 Consistency

After all rotamers are created in a sampling step, three checks are necessary to ensure that the rotamers
and their respective atoms present in the resulting graphs are those that would not physically collide.

As a preprocessing step, we remove those rotamers generated for the acids glycine, alanine, and
proline, following the method of [8]. These three acids typically do not have rotamers, and experiments
show that this decreases the total number of rotamers to search by 15-25%.

The first check that is done is to eliminate those rotamers which collide with the fixed backbone
atoms. Let ry,;,, be a rotamer in our search space. We check each side chain atom of ry,; ,, against
the backbone atoms of the entire input polymer P, and if any of the atoms collide, then we remove
the rotamer from our list of candidate vertices. A rotamer is defined to collide with the backbone if
the distance between any side chain atom of the rotamer and any atom of the backbone is less than
1A.

The second check that occurs is to verify the consistency of the rotamers in the subpolymer itself.
In other words, we eliminate those rotamers which collide with other rotamers in the same subpolymer.
We call this “internal consistency,” and in symbols we mean that if a rotamer ry,; ,, collides with a
rotamer 7y, ,, for any k and x (except for ry,;,, itself), then the rotamers ry,;,, and ry,;,. are
internally inconsistent. In a graph theory sense, this means setting the edge weight between the two
edges to zero (“removing the edge”) so that the two vertices (rotamers) in question simultaneously
cannot occur in the maximum clique for the subpolymer. Two rotamers are defined to collide if any
one of the atoms from one rotamer is within 4A of the atoms from another rotamer.

The final check that must occur is that those rotamers which are internally consistent must also
be externally consistent, or that they must not collide with rotamers from other subpolymers. Our
distance constraint remains at 4A. Let Tusj »u b€ a rotamer that collides with a rotamer 7,5 ,; from
another subpolymer. Then because r,,; ,, creates a collision with a rotamer in another subpolymer, it
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Create all rotamers.
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Find cliques for subpolymer graphs.
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O IO Ui W N

Figure 2: Algorithm for computing side chain packing of a protein.

cannot possibly be in the final solution, and hence, we remove all edges connected to rotamer ry,; ,,.
Since we are considering only the subpolymer to which ry,; ,, belongs to, we do not remove the edges
connected to 7y, ,z, as those edges will be removed when we consider the subpolymer to which 7,k ,»
belongs to.

If a rotamer successfully passes these three checks, then it is a physically feasible rotamer. Since
we are breaking the original polymer P into subpolymers P;, we only weight the edges for which two
rotamers are in the same subpolymer P; (i.e., r4,; ,, and 7,4 ). Readers should see [12] for the details
of the edge-weighting function.

2.3 Algorithm

As each subpolymer graph is made, the remaining step in the per-subpolymer algorithm is to find its
maximum edge-weighted clique, and finally to use the union of subpolymer cliques as the solution to
the original SCPP. We use the efficient WCQ weighted-clique algorithm developed by Suzuki et al. [13],
which in turn makes use of the MCQ maximum clique algorithm developed by Tomita and Seki [14].
Interested readers can find the details in [13, 14], but we mention here that in our experiments a graph
represented by a symmetric adjacency matrix of 3365x3365 entries (rotamers) had a maximum clique
found in 1 second, with a maximum edge-weight clique found in 2 seconds.

Our overall algorithm to solve the SCPP is shown in Figure 2. We present a number of its details
in order to accurately give a time complexity analysis on certain steps, leaving out constant time
actions (that are typically program internal administrative duties).

Our analysis is as follows. Steps 1, 3, and 8 can be completed in O(N) time, where N is the
number of amino acids in the protein. Steps 2, 4, and 5 make use of at most R rotamers per acid,
and can be done in O(NR) time. Step 6, the crux of the paper, depends on the subpolymer creation
method, and is analyzed in the Methods section below. Finding a maximum clique is known to be
NP-hard [6].

3 Methods

In this section, we show three different methods for breaking a protein into subpolymers, and char-
acterize the resulting graph sizes for each of their respective graph generation methods. Recall from
Section 2.1 and Step 2 of Figure 2 that the initialization process automatically generates N R vertices,
with some portion of them removed for redundancy in Step 3.

3.1 Linear Polymer

The most intuitive subpolymer is a linear subpolymer, shown in Figures 3 and 4. It is created
by simply breaking up the amino acid sequence at specified residues and assigning the resulting
fragments to subpolymers. As a toy example, if we have a protein with an amino acid sequence P =
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SNFNVCRLPGTP, and we break it into 3 linear subpolymers, one possible assignment could give
the resulting subpolymers P, = SNFN, P, = VCRLPG, P; = TP. The key to linear subpolymers
is that their sequence order is preserved. Analysis of the graph size is then as follows: in the first
subpolymer P; containing s; residues and hence a maximum of s; R rotamers, it must check for
consistency against itself and all remaining (<N R) rotamers in the original polymer P. As the
external consistency check between subpolymers P; and P> has been done in this pass, there is no
need for P, to check its external consistency again with P;, and hence, the second subpolymer only
needs to check subpolymers P, through P,, processing a total soR * (N — s1)R rotamers, where s,
denotes the number of residues in subpolymer P,. Continuing in this fashion, the number of vertices
processed over all subpolymers is

< (is(NR)) + (SQR(N - sl)R) + (33R(N — 51— SQ)R) e (spR(spR))

P i—1

= (Y [s:RI(V -

> s)R)).
i=1 j=1

In this framework, if we consider the formulation in [8], the number of residues processed over all
subpolymers of even size sq is

P i—1

= (Y lsoRI(N = > s0)R])

i=1 j=1

= (R[N -3 )

i=1 i=1j=1

= (v =+ )

and since all polymers are of size sy = %, the total number of graph vertices generated over p even

length subpolymers is
<(vr")

We can expect the non-uniform length subpolymer graph generation method will create a similar
number of vertices, using the fact that N = sop = (s1 +s2 + -+ + sp).

As the number of subpolymers increases, the total amount of graph vertices generated is reduced,
until we reach the limit

~ lim LN?R’ []il] - Iy,
p—00 p 2

This clearly establishes the advantage of the linear subpolymers proposed here and in [8], which have
a total number of vertices kN2R?, where % < k < 1, over the technique in [9], which is always N2 R2.

A drawback of the algorithm in [8] is that by dividing a polymer into even length divisions, we fail
to solve the problem in a biological sense. Instead, in order to improve the technique’s applicability,
one can divide a protein into linear subpolymers at biologically significant residues using data from
the Uniprot [2], Pfam [3], and Interpro [11] databases. Results of computing side chain packing using
linear subpolymers and this data are given in Section 4.

3.2 Centroid Subpolymers

Since a protein typically does not stay linear and flat, alternative subpolymer methods are also useful
for solving the SCPP by decomposition. Our next approach to division by subpolymer division was
done using the centroid of a protein, illustrated in Figure 5. We find the centroid of a protein by
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Figure 3: In this example, the sample protein Figure 4: The same protein as in Figure 3, but
P = SNFNVCRLPGTP, which resembles a broken into biologically significant clusters (sub-
beta sheet, is divided into four even-length sub- polymers) where turns occur. Subpolymers are
polymers, as in [8]. The numbers indicate re- no longer of the same length.

sulting subpolymers.

adding the respective X, Y, and Z coordinates of every atom in the protein and dividing by the total
number of atoms. We then determine how many residues are located on each side of the axes running
through the centroid, and use the axis with the minimum residue difference as the axis to break the
original polymer into two subpolymers P< and P-. Note here that the residues no longer need to
preserve order as they did in a linear subpolymer. Here, the analysis is fairly simple. We have two
subpolymers, of size s; and so such that s; + s = N, and we must check each polymer for internal
consistency and external consistency against the other subpolymer. It is obvious that this requires
< (s2R? + s5189R?) + (s3R? + 5951 R?) rotamer consistency checks for both graph generations, which
is equivalent to the number of vertices as the N?R? method in [9], because the centroid method is
equivalent to twice generating the first subpolymer of a linear subpolymer. A perfect centroid evenly
divides the amino acids into two even-length subpolymers, though experiments rarely yielded this.
Where this algorithm becomes useful is in its consideration of the spatial arrangement of atoms.
Results from this type of graph generation are given in Section 4.

3.3 Distance Bin Subpolymers

Our final method of creating subpolymer graphs is by using distance bins. In this approach, we find
the maximum and minimum X, Y, and Z coordinates among all atoms in the protein. We then take
the axis with the maximum width (i.e., maximum of Zmaz — Tmin, Ymaz — Ymin, a0d Zmaz — Zmin) and
divide it amongst b bins of even length. We put each amino acid into the corresponding distance bin
(thus we do not preserve order), using the centroid of that acid with respect to the axis being used for
binning. The process is shown in Figure 6. For subpolymer graph generation, we need only consider
internal consistency and the two adjacent subpolymers for external consistency, rather than the entire
original polymer. In practice, we add fictitious empty subpolymers to both ends of the protein so that
the subpolymer graph generation works like a sliding window on bins 1...b. For each call to the graph
generation method on a subpolymer of size s; residues with neighbors of size s; 1 and s;11, we need
< (s;R(si—1R + s;R + s;+1R)) consistency checks. Taken over b bins, we have (where sy represents
our fictitious empty subpolymers)

< SlR(SoR +s1R+ SQR) + SQR(SlR + soR + SgR) + -+ SbR(Sb_lR + spR + SoR)

= R%(s? + 25159 + 55 + 25953 + - - - + 25p_1 5 + 52)
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Figure 5: The example polymer is divided into
two subpolymers at its centroid. In this two-
dimensional example, the Y axis is used for do-
ing the division work. Though the order of
residues and their respective rotamers is pre-
served in this example, it would not be preserved
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Figure 6: The example polymer P =
SNFNVCRLPGTP is broken into four dis-
tance bins (P, = SP, P, = NVCT, P; = RG,
and Py = FNLP) along the X axis. The sub-
polymers have differing size and no longer pre-
serve the original protein’s sequence order.

if the X axis were used.

b—2 b
= R*(N? - 22 Z 5i55)

i=1 j=i+2
total graph vertices to check over all subpolymers that are created. It is obvious that the distance bin
method can create no more vertices than the linear supbolymer or centroid method (unless b = {1,2}).
A value of b = 1 or b = 2 agrees with the N2R? result of the linear and centroid methods, as it
intuitively should.

Interestingly, when we observed the numbers of acids that fell into each distance bin, we generally

found the values to follow a Gaussian distribution, though we make no further analysis based on this
observation.

3.4 Completed Analysis

Combing the analysis from Section 2 with the methods in Section 3, it can be seen that the graph
generation step is the most most demanding, except for the distance binning method (as long as
b # {1,2}). Even in the case of processing a whole protein as a single subpolymer (for linear and
distance bin cases), the worst case number of rotamer comparisons is N?R2.

4 Experimental Results

After Bahadur et al. reported in [8§] RMSD scores for an even-length protein division method, a
mistake in the code was discovered that affected the final results of the method. Fixing this code
mistake, several polymers were re-evaluated, and the result is that several polymers no longer achieve
maximum cliques. We display the results of the experiment using corrected code in Table 1, where
“dnf” denotes that a maximum clique was not achievable using the specified number of even-length
subpolymer divisions. This new result is not a setback but rather a confirmation that polymers cannot
simply be broken apart at random locations without some biological consequence. Furthermore, this
motivated the study presented here for breaking polymers into pieces based on biologically relevant
locations or more realistic spatial considerations.

In order to evaluate the methods proposed in this paper, we used the same set of proteins as
in [8, 10], and set a time limit of 5 minutes for finding a maximum clique. The results of the side chain
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Table 1: Side chain packing results reported in [8] (in parentheses), and adjusted values after program
code corrections. “dnf” means the protein did not finish computing in under 30 minutes, a limit
set based on the packing runtimes in [8]. The column headings indicate the number of even-length
subpolymers p the original protein was divided into. All calculations are RMSD in A.

PDB Residues p=2 p=3 p=4 p=>5

1xwl 580 (1.66)dnf  (1.56)dnf  (1.60)dnf  (1.74)dnf
1gof 639 (1.63)dnf  (1.46)dnf  (1.69)dnf  (1.70)dnf
1biy 689 (1.53)dnf  (1.64)dnf (1.77)1.84 (1.72)1.87
laab 696 (1.58)1.87 (1.68)1.80 (1.61)1.83 (1.70)1.82
la81 812 (1.56)dnf  (1.63)dnf  (1.63)dnf  (1.75)dnf
llnh 836  (1.50)1.93 (1.63)dnf (1.64)1.87 (1.55)dnf
1fiy 874 (1.42)dnf  (1.53)dnf  (1.63)dnf  (1.54)dnf

Table 2: The results, in RMSD A, of computing the same proteins used in [8, 10], applying the methods
described in this paper, where b is the number of distance bins used. “dnf” signals that a maximum
weight clique was not found within a time limit of 5 minutes. “DBAve.” is the average result for the
distance bin method using 5-20 bins.

PDB Residues Linear Centroid b=10 b=11 b=12 b=13 b=14 b=15
1xwl 580 2.036 2.055 1.897 1.887 1.804 1.818 1.826 1.873

1gof 639 1.876 dnf dnf dnf dnf 1.742 dnf dnf
1biy 689 dnf dnf 1.850 dnf dnf 1.738 1.721 1.806
laab 696 dnf dnf dnf dnf dnf dnf dnf 1.733
1a81 812 dnf dnf dnf dnf dnf dnf dnf 1.823
1lnh 836 dnf dnf dnf 1.806 1.855 1.840 dnf 1.764
1fiy 874 dnf 1.937 1.785 dnf dnf 1.740 1.830 1.810

PDB Residues Linear Centroid b=16 b=17 b=18 b=19 b =20 DBAve.
1bhe 376 1.832 1.802 1.546 1.421 1.559 1.629 1.581 1.540
1xwl 580 2.036 2.055 1.646 1.738 1.827 1.744 1.886 1.843
1gof 639 1.876 dnf 1.743 1.650 1.661 1.620 1.678 1.732
1t70 2040 dnf dnf 1.747 1.838 1.822 1.870 1.819 1.804
laon 8015 dnf dnf dnf dnf dnf 1.607 1.628 1.622

prediction are shown in Table 2. Overall, at least one of the methods succeeds in finding a solution
to the SCPP for a protein, with many proteins being successfully calculated for multiple methods.
Though not given here due to space considerations, the computation times were highest for the centroid
method, which agrees with our analysis above, and gradually lowered as the number of distance bins
increased. A number of proteins had improved accuracy as the number of bins increased, signifying
that a particular subpolymer could realistically consider only its immediately adjacent neighbors to
predict the side chain conformations.

To put this study into perspective on a realistic set of proteins for an application, we tested a small
subset of proteins that were extracted by querying the Protein Data Bank [4] with the phrase “DNA
excision repair.” We imposed the constraint that we compare our result against only the first model
of a PDB, though we include all chains. The results of the proposed methods on the protein set are
shown in Table 3. Note that many DNA excision repair proteins are smaller than the test sets used
in [8, 10], and subsequently, several proteins could be calculated using all three techniques.

It is to note here that while many proteins did not finish within the 5 minute time limit, if we
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Table 3: Evaluation of the methods in this paper on proteins with the common theme of DNA excision
repair, where b is the number of bins used in the distance bin method. “dnf” signals that a maximum
weight clique was not found within a time limit of 5 minutes. Results are in RMSD A. “DBAve.” is
the average result for the distance bin method using 5-20 bins.

PDB Residues Linear Centroid b=16 b=17 b=18 b=19 b=20 DBAve.
1d4u 111 dnf dnf 1.293 1.441 1.257 1.507 1.523 1.341
1gze 214 2.358 dnf 1.507 1.467 1.488 1.464 1.427 1.560
1xsn 324 1.976 2.043 1.852 1.709 1.710 1.698 1.779 1.769
2uug 445 dnf dnf 1.724 1.833 1.823 1.912 dnf 1.787
1xsl 1305 dnf dnf 1.846 1.812 1.831 1.864 1.860 1.820

let the clique finder execute without a time restriction, it would eventually find and return a clique
corresponding to the solution for a particular subpolymer. For the purposes of speed, we set our limit
low.

5 Conclusion

The algorithms presented here offer simple ways to understand and generate solutions to the protein
side chain packing problem. They can be implemented relatively quickly, and with good implementa-
tions can be very useful for prediction on older computers or devices with a minimum of memory and
processor abilities. Many of the proteins evaluated in this study could have their side chains calculated
using less than 64 MB of memory. Excluding the clique finding step, which has the demonstrated
possibility of failing to find a solution in a given amount of time, the algorithms require no more than
N?2R? consistency checks, which, as demonstrated via the distance bin method, is often not required.

While this time is not optimal, the algorithm is still useful, particularly for quick evaluation of
small proteins with a large number (> 50) of rotamers. This is akin to consider whether to implement
insertion sort or quick sort for a list of at most 10 numbers. While quick sort’s speed is an asset in the
limit, insertion sort’s practicality on small datasets cannot be denied, and similarly, the algorithms
given in this report can be very practical for some proteins, as opposed to some of the more complicated
solutions to the SCPP.

Many extensions to this work are possible, including hybridized methods (e.g., first divide by
centroid, then divide the resulting centroids by linear or distance bin subpolymers), recursive centroids,
inclusion of rotamers augment the search space, inclusion of disulfide bridges and other physicochemical
constraints, or a decomposition method specifying an upper limit to the number of residues in a
subpolymer. It would be very interesting to set up a mathematical program to solve for the optimal
number of bins in the distance bin method, in hopes of minimizing the overall number of rotamer
consistency checks.
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