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Abstract

Single nucleotide polymorphism (SNP) is the most frequent form of human genetic variations
and of importance for medical diagnosis and tracking disease genes. A haplotype is a sequence of
SNPs from a single copy of a chromosome, and haplotype assembly from SNP fragments is based
on DNA fragments with SNPs and the methodology of shotgun sequence assembly. In contrast
to conventional combinatorial models which aim at di�erent error types in SNP fragments, in this
paper we propose a new statistical model | a Markov chain model for haplotype assembly based
on information of SNP fragments. The main advantage of this model over combinatorial ones is
that it requires no prior information on error types in data. In addition, unlike exact algorithms
with the exponential-time computation complexity for most combinatorial models, the proposed
model can be solved in polynomial time and thus is e�cient for large-scale problems. Experiment
results on several data sets illustrate the e�ectiveness of the new method.
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1 Introduction

Genome sequencing e�orts [15] show that all human share about 99% identity at DNA level and it
is small regions of genetic di�erences that account for the phenotype variations and disease suscepti-
bilities [8] in a population. The most frequent form to address genetic di�erences is single nucleotide
polymorphism (SNP) | a single DNA base with more than one nucleotide occurs in the popula-
tion [2]. SNPs can be used as genetic makers and have important roles in medical diagnosis and
disease association.

The nucleotides fA, G, C, Tg in a SNP position are called alleles. Almost all SNPs have two
instead of four di�erent alleles which we denote the wild type as 0 and the mutant type as 1. In
diploid organisms, the genomes are organized as pairs of chromosomes, a maternal copy and a paternal
copy. A haplotype is the allele sequence information on each copy of a pair of chromosomes which is
a string over f0; 1g or fA, G, C, Tg. Most current techniques for SNPs discovery do not provide the
haplotype information for each copy. Instead, these methods just give the genotype information, i.e.
the unordered allele pair sequence on two copies of a pair of chromosomes. For a genotype, if a pair
of alleles at a SNP site is made of two identical values, this SNP site is called homozygous, otherwise
it is called heterozygous.
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Haplotypes contain much more information than individual genetic markers or SNPs and have
critical importance in studying disease association and genome evolution [14]. Haplotypes can be
obtained by separating DNA sequences and then sequencing through constructing somatic cell hy-
brids [6, 17]. Such experimental method is very time-consuming, labor-intensive as well as expensive.
Recently, much attention has focused on computational methods for obtaining haplotypes from geno-
type data [4, 7, 9, 11, 13] or SNP fragments [1, 3, 10, 12, 16, 18]. Haplotype assembly, also referred as
individual haplotyping, is based on DNP fragments with SNPs and methodology of shotgun sequence
assembly [10, 12]. The input data can be the aligned short DNA fragments with SNPs obtained by
DNA shotgun sequencing or a resequencing e�ort for the purpose of large scale haplotyping. When
we focus on SNP positions, these short DNA fragments are actually aligned SNP fragments. DNA
sequencing errors and the diploidy of human genome make the problem complex.

Emphasizing di�erent types of errors, Lancia et al. [10] have given two models for the haplotype
assembly problem | the Minimum Fragment Removal (MFR) model and the Minimum SNP Removal
(MSR) model. MFR aims at errors caused by fragment contamination and assumes that \bad"
fragments are due to contamination, while MSR aims at the sequencing errors and tries to remove
sequencing errors by removing some whole SNP sites. Another important computational model for
haplotype assembly | the Minimum Error Correction (MEC) model was proposed and proved to
be NP-hard in [12]. This model is also suitable for the case that all the fragments come from one
organism but there are sequencing errors to be corrected. A common feature of these combinatorial
models for haplotype assembly is that they are all NP-hard and even APX-hard [1, 3].

Although much work has been carried on haplotype assembly, there are still some problems un-
solved whose solution will be signi�cant. Firstly, as mentioned above, existing combinatorial models
for haplotype assembly all aim at some type of data errors. However, when facing a data set without
any prior information, we do not know the type of data errors and thus do not know which model we
should choose. Hence, a uni�ed and consistent model that can deal with various types of data errors
is needed. In addition, existing combinatorial models for haplotype assembly are all NP-hard in terms
of computational complexity, i.e. there is no polynomial time exact algorithm for these problems,
therefore it is impossible to deal with large-scale problems, which are common in practice [16]. In this
paper, we reformulate the haplotype assembly problem into a statistical framework and particularly
model it by a Markov chain (MC) model which can accommodate various data errors. Furthermore,
it can be solved exactly in polynomial time, thereby suitable for large-scale problems. In addition,
haplotypes have very strong linkage disequilibrium property [5, 6] and MC model is a e�ective tool
for characterizing this kind of linkage property. For example, a MC model [7] and a hidden Markov
model [13] have been proposed as a tool of haplotype inference from genotypes. To demonstrate the
proposed method, multiple numerical experiments including comparison with combinatorial models
are conducted to con�rm the e�ectiveness of this model.

2 Problem

We consider n consecutive SNP sites, where Ai is the set of possible alleles which the ith SNP site
takes value on. A haplotype H can be viewed as a vector on alleles i.e. H 2

Qn
i=1Ai. A genotype G is

a vector consisting of unordered allele pairs, i.e. G 2
Qn

i=1(Ai�Ai). The allele that haplotype H takes
at the ith SNP site is denoted by H(i). Similarly, the allele pair that genotype G takes at the ith SNP
site is denoted by G(i). H(i; j) (G(i; j)) represents a fragment of haplotype H (genotype G) from the
ith SNP site to the jth SNP site. X is a SNP matrix on fA, G, C, T, {g or f0; 1;�g, where each row
represents a SNP fragment. Generally, X can be obtained by using some DNA fragment alignment
algorithms. The 0�0 in X is called hole which is missing reads in DNA sequencing or uncovered site
by some fragment since the fragments may have di�erent lengths.

Given a pair of haplotypes (H1;H2) and a genotype G, if G(i) = fH1(i); H2(i)g holds for all i,
i = 1; � � � ; n, then (H1;H2) and G are said to be compatible, denoted byH1�H2 = G, or H1 = G	H2,
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H2 = G	H1. For a haplotype H, if H(i) 2 G(i) holds for all i, i = 1; � � � ; n, then H and G are said
to be compatible, denoted by H 2 G, �H = G	H. The compatibility of a haplotype fragment H(i; j)
and a genotype G(i; j) can be de�ned similarly. Obviously, a pair of haplotypes uniquely determines a
genotype, but a genotype can have many compatible haplotype pairs. Speci�cally, a genotype G with
k heterozygous SNP sites has 2k�1 pairs of haplotypes that are compatible with G. These haplotype
pairs are denoted as C(G); jC(G)j = 2k�1.

From a statistical view, haplotype assembly is such a problem: given a set of SNP fragments (a
SNP matrix) X, �nd a most possible haplotype pair (i.e. with largest probability: Pr) fH�

1 ;H
�
2g over

all possible haplotype pairs. That is, to �nd a pair of haplotypes fH�
1 ;H

�
2g such that

Pr(fH�
1 ;H

�
2g j X) = max

fH1;H2g
Pr(fH1;H2g j X): (1)

3 Method

Since genotype data can be easily obtained from biological experiments, we assume the genotype
of a pair of haplotypes to be reconstructed is known. In addition, according to Hardy-Weinberg
equilibrium, these two haplotypes are independent. From the Bayes rule, given a SNP matrix X and a
genotype G, the probability estimation of a pair of haplotypes can be transformed into the probability
estimation of a single haplotype:

Pr(fH1;H2g j X;G) =

8><
>:

Pr(H1 j X) Pr(H2 j X)P
fH; �Hg2C(G) Pr(H j X) Pr( �H j X)

if fH1;H2g 2 C(G);

0 otherwise.

(2)

Thus, the problem (1) is transformed as �nding a pair of haplotypes fH�
1 ;H

�
2g such that

Pr(H�
1 j X) Pr(H�

2 j X) = max
fH1;H2g2C(G)

Pr(H1 j X) Pr(H2 j X): (3)

There is a kind of statistical dependence (linkage disequilibrium) in the neighboring SNPs [5, 6].
SNPs that belong to one linkage disequilibrium block are not easily separated by recombinant event.
Non-neighboring SNPs are relatively independent. Therefore, the probability of a haplotype can be
represented by a set of conditional probabilities and the probabilities of alleles on each SNP site depend
on that of preceding alleles. MC model can describe such dependence between SNPs:

Pr(H j X) = Pr(H(1) j X)
nY
i=2

Pr(H(i) j H(i� 1); X): (4)

This model indicates that owing to the correlation property between SNP sites, if we have some
information for alleles on one SNP site we can also derive the related information for next alleles.
Sometimes, not only neighboring SNPs have strong linkage disequilibrium property, but also even
several contiguous SNP sites have strong association. For such a case, the following d-order MC
model is required:

Pr(H j X) = Pr(H(1; d) j X)
nY

i=d+1

Pr(H(i) j H(i� d; i� 1); X): (5)

where d denotes that the probability of the alleles on current SNP site is dependent on that of
d preceding SNP sites. When d = 1, the above model is standard MC model. The probability
estimation in (4) and (5) is described in details in Appendix. The optimal solution to the MC model
can be obtained by a dynamic programming algorithm (see Appendix).
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Figure 1: The reconstruction rate of the MC model on Daly set. d is the order of MC model.

4 Results

In this section, we will use both real data and simulation data to test the MC model for haplotype
reconstruction. The algorithms are implemented on a 2.26G Hz Pentium 4 processor PC using Mi-
crosoft Visual C++ compiler 6. In our experiments, we use reconstruction rate [16], i.e. the similarity
degree (the number of matching bases) between the original haplotypes and the assembled haplotypes,
to measure performance of the model. A reconstruction rate 1 means that two original haplotypes are
completely reconstructed.

4.1 Experiment on Daly Data Set and Simulated Data Set

We �rst use Daly's 129 genotypes from chromosome 5q31 as one test set [5]. This commonly used
benchmark dataset is a sample from a European-derived population consists of 129 trios and spans a
500-kb region on human chromosome 5q31 with 103 SNPs. The haplotypes of 129 children from the
trios can be inferred from the genotypes of their parents through pedigree information and the non-
transmitted chromosomes as an extra 129 (pseudo) genotypes. Markers for which both alleles could
not be inferred are marked as missing. From the resulting set of 258 haplotype pairs (genotypes), the
ones with more than 20% missing alleles are removed, leaving 147 haplotype pairs. Among these pairs,
18 genotypes with no more than one heterozygous site are omitted, leaving 129 pairs of haplotypes as
the test set. 5 instances are generated from each haplotype pair respectively according to the error
rate of SNP fragments e = 0:05; 0:1; 0:15; 0:2; 0:25. Speci�cally, the SNP fragments in each instance
are randomly copied from two haplotypes with certain error rate. The length of SNP fragments is
between 5 and 8 and the starting sites of these fragments are uniformly distributed. The total number
of fragments is relevant to sequence coverage. Coverage c is the number of SNP fragments that cover
a SNP site. Generally, c is between 5 and 10 in shotgun sequencing. Here we set c = 7. The number of
SNP fragments in each instance is about m = 2nc=L, where L is the average length of fragments and
n is the length of the haplotypes. Here the length of fragments and the coverage of SNP sites are set
as those in practice and the number of SNP fragments is determined by these parameters. Certainly,
the larger the coverage, the more accurate the probability estimation.

Since the computational complexity for dynamic programming (DP) that computes the frequencies
of haplotype pairs is on the order of polynomial-time, assembling haplotype pairs by MC model is very
fast. For instances with about 100 SNP site (for this case, the total number of SNP fragments is about
230), the implement time is no more than 1 microsecond. We solve the instances respectively by MC
with order d = 1; d = 2; d = 3. The average reconstruction rate of 129 haplotype pairs by MC with
various orders is illustrated in Figure 1. From Figure 1, clearly when d = 1, the reconstruction rate
is very high. The larger the order is, the lower the reconstruction rate. This is mainly because SNP
fragments are so short that MC can not mine long linkage disequilibrium property only from the given
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Figure 2: The reconstruction rate of the MC model on simulated data. d is the order of MC model.

information. Large order can only make the frequencies of Markov states very low and the model
can not distinguish which are true haplotype fragments. Of course, there may be some individual
instances on which MC with a high order has higher reconstruction rate than that with a low order.

Now we use the simulated data to test the reconstruction rate of MC. Firstly, a haplotype with
100 SNP sites are generated randomly, where A, C, G, T appear equiprobably. Secondly, according
to a parameter similarity rate s (denotes the similarity degree of two haplotypes in a pair), another
haplotype is randomly generated. Let s = 0:5, and totally 100 pairs of haplotypes are generated.
Then 5 instances with about m = 2nc=L SNP fragments are copied from each haplotype pair by the
method used above. According to the values of e, totally 500 instances are taken as a test set.

The result on simulated data is similar to that on real data set. The implementing DP algorithm is
also very fast. Again solving MC with d = 1 obtains most accurate results. Note that MC with d = 3
on simulated data has worse performance than on real data. This may be because the correlation
(linkage disequilibrium) property between SNPs in simulated data is not so strong as that in real
data.

4.2 Comparison with Combinatorial Model

Now we compare MC with a combinatorial model | MEC in terms of reconstruction rate and the
implementing time of exact algorithms for these two models. The exact algorithm for MC is the DP
algorithm given in Appendix and that for MEC model is a branch and bound (BNB) algorithm [16].
In order to compare the implementing time of two algorithms, we generate 100 instances with error
rate 0.1 for 16, 18, 20, 22 SNP sites respectively. The number of SNP fragments in these instances is
between 37 and 51. The result on the reconstruction rate of two models is summarized in Table 1 and
the comparison of the implementing time of two exact algorithms is illustrated in Figure 3, where the
y axis is time (second).

Table 1: Comparison of the reconstruction rate of MC model and MEC model.

Models n SNPs 16 18 20 22

MEC 0.975 1.000 0.995 0.959

MC 0.988 1.000 0.995 1.000

According to the numerical simulation, for a comparable reconstruction rate, MC is very fast, but
the implementing CPU time of MEC model exponentially increases with respect to the number of
SNP sites. For instances with more than 25 SNP sites (for this case, the number of SNP fragments is
about 60), the implementing CPU time is prohibitively long (several hours).
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Figure 3: Comparison of the implementing time of DP and BNB.

4.3 Experiment on HapMap Data

In this section, we use the haplotype data downloaded from HapMap web site to test our model.
The goal of the international HapMap Project [19] is to compare the genetic sequences of di�erent
individuals to identify chromosomal regions where genetic variants are shared. There are genome
wide phased genotypes on 23 chromosomes about 4 populations in 2005-03-Phased I. Two of them
(HCB and JPT) consist of a sample of unrelated individuals whereas the others (CEU and YRI) are
a sample of trios. We choose HCB population including 45 individuals. The haploypes are vectors on
f0; 1g with 509 SNPs. We use these haplotypes to generate a data set in which the SNP fragments
are matrixes on f0; 1;�g. The result is in Figure 4 which shows the high reconstruction rate of the
model. Note that even for these large-scale problems (the number of total fragments in these instances
is more than 1000), MC solves them in no more than one second. The implementing time of MEC for
instances of such size is prohibitively long, and is shown in Figure 3.
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Figure 4: The reconstruction rate of the MC model on HapMap data. d is the order of MC model.

5 Conclusion and Discussion

Haplotype assembly or individual haplotyping is to infer a pair of haplotypes from localized poly-
morphism data gathered through short genome fragment assembly. It is an important problem in
bioinformatics and has been researched by many authors. In this paper, we propose a new statistical
model | MC model for haplotype assembly which overcomes several defects of current combinatorial
models. Speci�cally, this model is a consistent one and can accommodate various types of errors in
SNP fragments without requirement of the prior information about error type. In addition, the pro-
posed model can be used to solve large-scale problems in a high accuracy because its exact algorithm
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is on the order of polynomial-time. Experimental results on several data sets show the e�ectiveness
of the new model.

Although the genotype information is easily obtained from biological experiments, employing the
genotypes is still a defect of the MC model. How to use available information to assemble more
accurate haplotypes is our goal. As a future topic, we will adopt the Hidden Markov Model (HMM) to
model haplotype assembly in which errors in SNP fragments can be naturally viewed as observation
errors. Such technique does not need genotype information and may be superior to the MC model.
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Appendix

A.1 Markov Chain Model

Since G is known, given the order of Markov chain model d, let

SGi (d) = fH(i� d+ 1; i) : H(i� d+ 1; i) 2 Gg; i = d; d+ 1; � � � ; n:

SGi (d) is said to be the state set of H at the ith site. Let h 2 SGi (d); h
0

2 SGi+1(d). If the su�xal d� 1

alleles of h is identical to the pre�xal d� 1 alleles of h
0

, h
0

is said to be a successor of h, denoted by
h ! h

0

. Obviously, given genotype G and hi 2 SGi (d); i = d; d + 1; � � � ; n, if hd ! hd+1 ! � � � ! hn,
then H = hd ! hd+1 ! � � � ! hn is a haplotype compatible with G.

Let St(d) = SGt+d(d), then fSt(d); p
t; t = 0; 1; � � � ; n � dg is a MC that describes the haplotype

assembly problem, where p0(�) is the distribution of Markov chain's initial states on S0(d), and pt(� j
�); t = 1; 2; � � � ; n� d is the state transition probability from time t� 1 to time t:

pt(ht j ht�1) =

(
Pr(ht j ht�1; X) if ht�1 ! ht,

0 otherwise,
(6)

where ht�1 2 St�1(d); ht 2 St(d). The estimation of P (ht j ht�1; X) will be discussed in the following
subsection. For haplotype H = h1 ! h2 ! � � � ! hn�d, hi 2 Si(d), i = 1; 2; � � � ; n� d, its probability
can be computed by the Markov chain model:

Pr(H j X) = Pr(H(1; d) j X)
n�dY
t=1

Pr(H(t+ d) j H(t; t+ d� 1); X)

= p0(h0)
n�dY
t=1

pt(ht j ht�1):

The complement haplotype �H can be easily obtained from H and G.
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A.2 Parameter Estimation

We estimate the state transition probability according to the frequency of haplotype fragments in SNP
matrix. Note that the MC model for haplotype assembly is inhomogeneous. In other words, each SNP
site has its own state and transition probability which are di�erent from the MC model for sequence
alignment. For ht�1 = H(t; t+d�1) 2 St�1(d), ht = H(t+1; t+d) 2 St(d), if ht is a successor of ht�1,
let H(t; t + d) (i.e. ht�1 ! ht) denote the fragment that ht�1 overlaps with ht in d � 1 consecutive
alleles. Then given the state at time t � 1 as ht�1, the probability of the state ht at time t can be
estimated as

Pr(ht j ht�1; X) =
Pr(ht�1; ht j X)

Pr(ht�1 j X)
=

Pr(H(t; t+ d) j X)

Pr(H(t; t+ d� 1) j X)

�
Fr(H(t; t+ d))

Fr(H(t; t+ d� 1))
;

(7)

The probability of initial state is estimated as follows

p0(h0) = Pr(H(1; d) j X) � Fr(H(1; d)); (8)

where Fr(�) denotes the frequency of a haplotype fragment appearing in SNP matrix.
Speci�cally, we compute the frequency of a haplotype fragment in such a way: H(i; j) is a haplotype

fragment, and Xk is the kth row of SNP matrix X (i.e. the kth SNP fragment), k = 1; � � � ;m. Xk(i; j)
denotes the part of Xk from the ith SNP site to the jth SNP site. If Xk(i; j) has no site that takes
value `{' and is identical to H(i; j), then the frequency of H(i; j) is added 1. If Xk(i; j) (not including
those Xk(i; j) that each site takes value `{') is identical to H(i; j) except those sites takeing value `{'
(we assume there are N such sites), then the frequency of H(i; j) is added by 1

4N
or 1

2N
depending

on the SNP matrix over fA, G, C, T, {g or f0; 1;�g. To avoid that the frequencies of haplotype
fragments in a state set are all 0s, let the initial frequencies of the haplotype fragments in state sets
be ", where " is a very small positive number.

Since we assume that G is known, the transition probability formula (7) should be modi�ed. Let
ht�1 = H(t; t + d � 1) 2 St�1(d), ht = H(t + 1; t + d) 2 St(d), and ht is a successor of ht�1. If the
(t + d)-th SNP site of G is a homozygous site, set Pr(ht j ht�1; X) = 1. If it is a heterozygous, say
G(t+ d) = fA, Tg, which means that given the state at time (t� 1) ht�1, the state at the next SNP
site can only be A or T. Let ht = H(t+1; t+d�1)[A, f1 = H(t; t+d�1)[A, f2 = H(t; t+d�1)[T
and set f3 = H(t; t + d � 1) [ C, f4 = H(t; t + d � 1) [ G. Then distribute averagely the frequency
sum of f3 and f4 to f1 and f2, and normalize it:

Pr(ht j ht�1; X) =
Fr(f1) +

1
2(Fr(f3) + Fr(f4))

Fr(f1) + Fr(f2) + Fr(f3) + Fr(f4)
:

For SNP matrix on f0; 1;�g, the idea for parameter estimation is similar.

A3. Dynamic Programming Algorithm

It is easy to see that for ht = H(t+ 1; t+ d) 2 St(d), �ht = �H(t+ 1; t+ d) = G	H(t+ 1; t+ d) must
be in St(d). We can solve the problem (3) by a polynomial-time DP algorithm.

Step 1 Initialize: for all h0 2 S0(d), let

P (h0) = p0(h0)p
0(�h0) = Fr(h0)Fr(�h0):

Step 2 Iterate: for all ht 2 St(d); t = 1; 2; � � � ; n� d; compute

P (ht) = maxfP (ht�1)p
t(ht j ht�1)p

t(�ht j �ht�1) : ht�1 2 St�1(d)g;
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�t(ht) = argmaxfP (ht�1)p
t(ht j ht�1)p

t(�ht j �ht�1) : ht�1 2 St�1(d)g:

Step 3 Stop:
P � = maxfP (hn�d) : hn�d 2 Sn�d(d)g:

Step 4 Trace back:

h�n�d = argmaxfP (hn�d) : hn�d 2 Sn�d(d)g; h�t = �t+1(h
�
t+1);

where t = n� d� 1; n� d� 2; � � � ; 0:
Step 5 Assemble haplotypes

H� = h�0 ! h�1 ! � � � ! h�n�d;
�H� = �h�0 ! �h�1 ! � � � ! �h�n�d;

Each state set contains 2d states. The probability estimation of each state needs at most m
comparisons, so the time cost by each state set is O(2dm). When d is given and the probabilities of all
states are computed, it is easy to see that the running time of the above DP algorithm is O(2dn) and
the time of the complete algorithm is O(2dmn). Since d is a small constant, so the time complexity
of DP is O(n) and the time complexity of the complete algorithm is O(mn). In the following we will
prove that (H�; �H�) is the haplotype pair that solves problem (3).

Theorem 1 given a SNP matrix X and corresponding Markov chain model MC(d), assume

genotype G is known. If P � > 0, then the haplotype pair (H�; �H�) determined by above DP algorithm

is an optimal haplotype pair compatible with G, i.e. (H�; �H�) 2 C(G) and

Pr(H� j X) Pr( �H� j X) = max
fH; �Hg2C(G)

Pr(H j X) Pr( �H j X):

Proof. According to the de�nition of state set, the states of each state set are all compatible with
genotype G. When we assemble a pair of haplotypes, we only assemble the haplotype fragments in
the state set. Since h�t+1 is a successor of h�t , and

�h�t+1 is a successor of �h�t , t = 0; 1; � � � ; n � d, the
assembled haplotype pair must be compatible with genotype G.

To prove the optimality of (H�; �H�), we adopt induction on t, t = 0; 1; � � � ; n�d. If C(G(1; t+d)) 6=
;, it follows from the iteration formula of DP algorithm that

P (ht) = max
ht�12St�1(d)

P (ht�1)p
t(ht j ht�1)p

t(�ht j �ht�1)

= max
Hp=h0!���!ht
�Hp=�h0!���!�ht

P (h0)
tY

k=1

pk(hk j hk�1)p
k(�hk j �hk�1)

where Hp � �Hp = G(1; t + d), otherwise P (ht) = 0. According to the frequency computation of
haplotype fragments, the transition probability of MC(d) is nonnegative, and P � > 0 indicates that
there exists a pair of haplotype (H; �H), H = h0 ! h1 ! � � � ! hn�d, �H = �h0 ! �h1 ! � � � ! �hn�d
compatible with G. Therefore,

P � = max
hn�d2Sn�d(d))

P (hn�d)

= max
H=h0!���!hn�d
�H=�h0!���!�hn�d

P (h0)
n�dY
k=1

pk(hk j hk�1)p
k(�hk j �hk�1)

= max
fH; �Hg

Pr(H j X) Pr( �H j X)

where (H; �H) 2 C(G). When (H; �H) is incompatible with G, Pr(H j X) = Pr( �H j X) = 0. SinceX
fH; �Hg2C(G)

Pr(H j X) Pr( �H j X)

is a constant for given X, the conclusion is proved.
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