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We propose a novel method to classify samples where each sample is characterized by
a time course gene expression profile. By exploiting the mixture of state space model,
the proposed method addresses the following tasks: (1) clustering samples according to
temporal patterns of gene expressions, (2) automatic detection of genes that discriminate
identified clusters, (3) estimation of a restricted autoregressive coefficient for each cluster.
We demonstrate the proposed method along with the cluster analysis of 53 multiple
sclerosis patients under recombinant interferon β therapy with the longitudinal time
course expression profiles.
Keywords: clustering; mixture of state space models; multiple sclerosis; time course gene
expression profile.

1. Introduction
Time course gene expression profiles enable us to understand the temporal structure
of gene regulations. A number of researchers have studied the time course gene
expression profiles [1, 4, 5]. One major difficulty of time course gene expression
analysis comes from the fact that length of time course is usually much smaller
than the dimension of data. In order to overcome the difficulties related to imbalance
between dimensionality and length of data, we developed a state space model in our
previous works [8, 9]. The state space models provide an approach to avoid overparameterization of the vector autoregressive model by exploring potential sets of
the co-expressed genes.
Recently, novel kinds of time series expression profiles that existing methods may
fail to analyze have been appeared. Baranzini et al. [2] investigated the longitudinal
gene expression change of multiple sclerosis (MS) patients with treatments of recombinant interferon β (rIFN β). In this data set, each MS patient is characterized
by a gene expression matrix whose column vectors represent gene expression vectors

September 23, 2007

14:26

WSPC - Proceedings Trim Size: 9.75in x 6.5in

ws-gi-975x65˙2e˙master

Clustering Samples Characterized by Time Course Gene Expression Profiles

259

for corresponding observed time points. They aimed at classifying 53 MS patients,
composed of 33 good responders and 20 poor responders for the therapy of rIFN
β. Hence, the problem is to classify samples, where each sample is characterized by
matrix data.
It is possible to use classical clustering methods such as the hierarchical clustering
and the k-means clustering, for example, by vectorizing gene expression matrices and
measuring Euclid distances of all pairs of the vectorized matrices. These methods,
however, often fail since they do not make use of time series of data effectively and
in addition, the direct product between time and gene expands feature space and
lead to increase of the imbalance between dimensionality and length of time series.
Furthermore, these models lack explicit feature extraction procedure, i.e. lack of
interpretablity.
In this paper, we propose a novel clustering method based on a mixture model
that make use of time series of data effectively. State space models are used as
component models of the mixture in order to handle high dimensional time series
and to avoid the over-parameterization by considering dimension compression. The
proposed method addresses the following tasks: (1) clustering samples according to
temporal patterns of gene expressions, (2) automatic detection of genes that discriminate identified clusters, (3) estimation of a restricted autoregressive coefficient
for each cluster. We will demonstrate the proposed method along with the cluster
analysis of MS patients.
2. Methods
2.1. Mixture of State Space Models
(l)

Suppose that yn ∈ Rp denotes a gene expression vector observed at the time point
n corresponding to the lth sample among m samples, where the number of genes is
p. Let us denote the set of observed time points and the time course gene expression
(l)
(l)
(l)
(l)
profile of the lth sample by Nobs ⊆ N = {1, . . . , N } and YN = {yn : n ∈ Nobs }.
(l)
Also, we denote an unobserved k dimensional hidden state vector by xn ∈ Rk . In
order to avoid over-parameterization, we assume that k is much less than p. Our
objective is to classify m samples into G clusters according to their time course gene
(1)
(m)
(l)
expression profiles YN , . . . , YN . Here, we assume that YN is generated by one of
state space models g:
(l)

(l)
yn(l) = Hg x(l)
n + wn , n ∈ Nobs ,

x(l)
n

=

(l)
Fg xn−1

+

vn(l) ,

n ∈ N,

(1)
(2)

with probability αg among G component models (g = 1, . . . , G), starting with the
(l)
(l)
initial state vector x0 ∼ N (µ0g , Σ0g ). That is, YN is generated by G-components
mixture of the state space model. Fg ∈ Rk × Rk and Hg ∈ Rp × Rk are coefficient
matrices which are often referred to as the system matrix and the observation
matrix. wn and vn are the noise vectors which follow the normal distributions with
mean zero and covariance matrices Rg and I, respectively. The lack of identifiability
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Fig. 1.

A schematic expression of the two component mixture of the state space models (G = 2).

is a weakness of the state space model. In order to keep the uniqueness of the model,
we impose parameter constraints as HgT Rg−1 Hg = Λg for all g, where Λg is a k × k
diagonal matrix. The detail of the constraints is described by our previous work [8].
2.2. Clustering
(l)

Let cg ∈ {0, 1} (g = 1, . . . , G) be an unknown class label of the lth sample which
(l)
(l)
takes value one, i.e. cg = 1, if the lth sample belongs to class g, otherwise cg =
0. Suppose ηg = (Hg , Fg , Rg , µ0g ) is the parameter set of the component state
space model g and θ = (α1 , . . . , αG , η1 , . . . , ηG ) is the whole parameter set of the
(l)
mixture state space model. Also, we suppose that fg (YN ; ηg ) is the gth component
distribution given by
Y
(l)
(l)
(l)
fg (YN ; ηg ) =
φ(yn(l) ; Hg xg,n|n−1 , Hg Vg,n|n−1 HgT + Rg ),
(l)

n∈Nobs

where φ(z; µ, Σ) is the probability density function of a random vector z followed
by the multivariate normal distribution with mean vector µ and covariance matrix
(l)
(l)
Σ. xg,n|n−1 and Vg,n|n−1 are defined by
(l)

(l)

(l)
xg,n|n−1 = E[x(l)
n |Yn−1 , cg = 1; ηg ],
(l)

(l)

(l)

(l)

(l)
T
(l)
Vg,n|n−1 = E[(x(l)
n − xg,n|n−1 )(xn − xg,n|n−1 ) |Yn−1 , cg = 1; ηg ].

Samples can be clustered by applying the Bayes rule. That is, the sample l is assigned
(l)
to gth group if the posterior probability of cg = 1,
p(c(l)
g

=

(l)
1|YN ; θ)

=

(l)
αg fg (YN ; ηg )/

G
X

(l)

αg0 fg0 (YN ; ηg0 )

g 0 =1

is maximum. More formally, the clustering rule is represented as follows:
(
(l)
(l)
1
if g = argmaxg0 p(cg0 = 1|YN ; θ),
(l)
ĉg =
0
otherwise.
Since the parameter set θ is unknown, θ will be replaced by the maximum likelihood
estimator θ̂. The procedure of maximum likelihood estimation will be discussed in
the next subsection.
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2.3. Parameter Estimation
We use the EM algorithm for the maximum likelihood estimation. Complete data
log-likelihood of the mixture state space model Lc is described as follows:

Lc (θ) =

G
m X
X

©
ª
(l)
(l)
c(l)
ln αg + ln p(YN , XN |c(l)
g
g = 1; ηg ) ,

l=1 g=1

(l)

(l)

(l)

(l)

(l)

where XN = {xn : n ∈ {0} ∪ N }. Let ρg = p(cg = 1|YN ; θ). Maximizing
(1)
(m)
E[Lc (θ)|YN , . . . , YN ; θ̄] given an arbitrary initial parameter θ̄, we obtain following
recursive formula for calculating the maximum likelihood estimator:
αgnew =

m
X

ρ(l)
g /m,

l=1

µ0gnew =

m
X

(l)

(l)

(l)
ρ(l)
g E[x0 |YN , cg = 1; η̄g ]/m,

l=1

Hg

new

= Tyx (g)Txx (g)−1 ,

Fg new = Txx0 (g)Tx0 x0 (g)−1 ,
Rgnew =

m
©X

ª
(l) −1 ©
ρ(l)
Tyy (g) − Tyx (g)Txx (g)−1 Tyx (g)T ,
g |Nobs |}

l=1

where
Tyy (g) =

m
X

ρ(l)
g

l=1

Tyx (g) =
Txx (g) =

m
X
l=1
m
X

m
X

(l)

ρ(l)
g

Tx0 x0 (g)=

l=1

X

(l)

E[yn(l) x(l)T
n |YN , cg = 1; η¯g ],

(l)

n∈Nobs

ρ(l)
g

X

(l)

(l)T
E[x(l)
|YN , cg = 1; η¯g ],
n yn

(l)

n∈Nobs

ρ(l)
g

N
X

(l)T

(l)

E[x(l)
n xn−1 |YN , cg = 1; η¯g ],

n=1

l=1
m
X

(l)

E[yn(l) yn(l)T |YN , cg = 1; η¯g ],

n∈Nobs

l=1

Txx0 (g)=

X

ρ(l)
g

N
X

(l)

(l)T

(l)

E[xn−1 xn−1 |YN , cg = 1; η¯g ].

n=1

Expectation terms are calculated efficiently with Kalman filtering and smoothing
procedure. For example, see [6, 7]. We obtain (local) maximum likelihood estimate
θ̂ repeating the parameter updating process until a suitable convergence criterion
is satisfied. Some implementation issues are described in Appendix.
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2.4. Feature Selection and Estimation of Restricted Autoregressive
Coefficients
In cluster analysis of gene expression profiles, it is of interest to detect genes that
characterize identified clusters. By transforming observation equation Eq. 1 under
the constraints HgT Rg−1 Hg = Λg , g = 1, . . . , G, gene expression vectors yn can be
mapped onto the state space Rk with the feature extraction matrix Dg ∈ Rk × Rk
as follows:
−1/2 (l)
(yn − wn(l) ),
x(l)
n = Dg Rg
−1/2

where Dg = Λg HgT Rg

(3)

[8]. If the dimension of state k is taken to be lower than p,
−1/2

the dimensionality of the noise-removed gene expression vectors Rg (yn − wn ) is
reduced by the semi-orthogonal matrix Dg in which (i, j)th element of Dg represents
the contribution of the jth gene to the ith coordinate of the state space. In practice,
it is useful to extract a number of significant genes for the each state variable.
Furthermore, substituting Eq. 3 into the state space model Eq. 1 and Eq. 2, the
following first-order vector autoregressive representation are obtained:
(l)

(l)

Rg−1/2 (yn(l) − wn(l) ) = Ψg Rg−1/2 (yn−1 − wn−1 ) + R−1/2 Hvn(l)

(4)

where Ψg = DgT Λg Fg Dg [9]. The (i, j)th element of the autoregressive coefficient
matrix Ψg represents the influence of the jth gene on the ith gene for the component
model g. After estimating parameters, we obtain the estimated Ψg which captures
the temporal structure of the gene expressions for the identified gth cluster. Comparisons of these estimated coefficient matrices Ψ1 , . . . , ΨG gives us an insight to
understand temporal features of G groups.
Note that the degree of freedom in the autoregressive coefficient matrix Ψg is of order
O(p) = p(k + 1) + k 2 − k(k − 1)/2. From this point of view, the state space model is
considered as a parsimonious parameterization of the vector autoregressive model
and provides an approach to control the model complexity by choosing dimension
of state vector k.
3. Experiments
3.1. Gene Expression Profiles of MS Patients
The disease MS is characterized by myelin destruction and oligodendrocyte death
and causes relapsing-remitting neurological disorders such as visual disorder and
movement disorder. rIFN-β is routinely used for suppressing the relapse of the symptom. However, almost half of MS patients are not benefited by the therapy. Baranzini
et al. [2] investigated long-term effects of rIFN-β on disease progression with the
time course gene expression profiles of 76 genes which are mainly related to the immune system. Expression levels are measured by conducting reverse-transcription
PCR at the beginning of the therapy and after 3, 6, 9, 12, 18, and 24 months. This
dataset includes profiles of 53 MS patients categorized into 33 “good” responders
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and 20 “poor” responders according to their response levels for rIFN-β administration. A group of patients were categorized into poor responders if they suffered two
or more relapses or experienced an increase of one point in the expanded disability
status scale score (EDSS), a measure of progression for the MS disease, until two
years after the initiation of the therapy. Good responders were defined as patients
that experienced a total suppression of relapses and no increase in the EDSS.

3.2. Results
We applied the proposed method to the expression profiles after converting the real
time set {0, 3, 6, 9, 12, 18, 24} months into Nobs = {1, 2, 3, 4, 5, 7, 9} where the
entire time points are defined by N = {1, 2, . . . , 7, 8, 9} and Nobs is the union of
(l)
Nobs , l = 1, . . . , m. We preset the number of clusters G = 2 and the dimension
of states k = 2. Among 600 estimated parameters of the EM algorithm, which
were computed by the different initial parameters, we chose the best parameter
corresponding to the highest local maxima of likelihoods. Missing values included in
the dataset were imputed by the EM algorithm, that is, we considered missing values
as latent variables as well as the state vectors and we calculated their conditional
expectations at the E-step.
The left panel of Fig. 2 shows the identified clusters of 53 MS patients. The identified
two groups composed of 28 (cluster A) and 25 (cluster B) patients, respectively. The
cluster A included 27 good responders and one poor responder while the cluster B
included 19 poor responders and 6 good responders. The resulting two clusters
A and B are likely to reflect the diagnostic categories. If we assume the cluster
A corresponds to good responders and the cluster B poor responders, the total
prediction accuracy is 86.8 (= 100 × (27 + 19)/53)%.
We investigated the performance of the proposed method by comparing with a result
of a hierarchical clustering. The result of a hierarchical clustering is illustrated in
the right panel of Fig. 2. We used the complete-linkage-based hierarchical clustering
by vectorizing the time course gene expression matrix for each patient, where the
distance between two patients was measured based on the Pearson correlation. Patients in the good and poor responder groups are drawn by grey and white squares,
respectively. Since all the patients except two belong one of clusters in case we
divide patients into two clusters, the threshold value of the correlation was set to
0.80 which seems to be the best value for the classification of patients according
to responder groups. As a result, the patients were divided into eight clusters except for three patients. Even if we assign the clusters to two responder groups by
the majority decision, 13 patients are belonged in incorrect clusters, and thus, the
proposed method seems to outperform the hierarchical clustering in performing the
cluster analysis of MS patients from the dataset.
Next, we focus on the significant genes which separate the identified two clusters.
Significant genes are extracted by feature extraction matrices D1 and D2 for the
two clusters. In order to discover genes that characterize a difference between two
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Fig. 2.

The clustering result of the proposed method (left) and hierarchical clustering (right).

clusters, we computed S = ||D1 | − |D2 || and selected some genes which achieved
the highest score of the S. For the first coordinate of the state space, genes with
the largest five score of the first row of S were TRAIL, p53, CD5, CD22 and JAK2,
while CD22, CD5, TRAIL, JAK2 and p53 for the second coordinate. It was reported
that TRAIL was a potential response marker for the rIFN-β treatment in MS [10].
Furthermore, Wosik et al. [11] reported that oligodendrocytes were protected from
p53-induced cell death by blocking signaling through TRAIL receptors.
Fig. 3 display heatmaps of the estimated autoregressive coefficient matrices Ψ1
(left) and Ψ2 (right). Positive and negative influences are color-coded by blue and
green, respectively. The estimated coefficient matrices capture clear differences in
the longitudinal effect between the two clusters. For example, TRAIL has strongly
negative longitudinal effects on many genes for the first cluster while does not for
the second cluster. Also, p53 has large positive longitudinal effects on many genes
for the first cluster, while does not for the second cluster.
4. Concluding remarks
We proposed a novel method that perform cluster analysis of samples, where each
sample is characterized by a time course gene expression profile using the mixture
of state space models. The proposed method were applied to the time course gene
expression profiles of 53 MS patients under the therapy of rIFN-β. We succeeded
in the classification of the MS patients according to the response level for rIFN-β.
The proposed method exploits the mixture of the state space models which enables
us to understand differences in the temporal structure of gene expressions between
the identified clusters. Here, we point out a limitation in the model selection. In
the context of the mixture state space models, one of the important tasks is to
determinate the number of clusters and the dimension of states. For example, when
we used the mixture state space model under k = 2 and G = 3, in the cluster analysis
of MS patients, many of the estimated models got degenerated, that is, at least one of
mixing proportions α1 , . . . , αG became zero. Probably, such an unstable estimation
occurred due to the imbalance between the model complexity and amount of data,
i.e. over-parameterization. This indicates that applicability of the proposed method
is limited in terms of the number of clusters and the dimension of state. In order to
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overcome the problem of over-parameterization, one possible solution is to perform
Bayesian estimations, which provide an approach to control the model complexity
by constructing prior distributions of parameters appropriately. It is challenging to
design the plausible prior distributions and we are now investigating this problem.

Fig. 3.

Estimated autoregressive coefficient matrices Ψ1 (left) and Ψ2 (right).
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Appendix A. Implementation Issues
We explain issues on implementations. In order to check the convergence of the EM
algorithm, we need to calculate the log-likelihood of proposed model:
X X
X X
©
ª
(l)
(l)
ln
αg exp ln fg (YN ; η̄g )
ln
αg fg (YN ; η̄g ) =
(A.1)
g

l

l

g
(l)

for each step. However, the component log-likelihood ln fg (YN ; η̄g ) calculated by
Kalman filtering sometimes becomes an extremely large value because of the high
(l)
dimensinality of time course gene expression profiles. In such situation, fg (YN ; η̄g )
easily gets infinity from hardware limitations of floating points. Calculating formula
such as (A.1) is known for log-sum-exp problem. A few methods have been proposed
for approximating log-sum-exp including the method that approximates it through
geometrical optimizations [3]. However, log-sum-exp formula is calculated as follows:
µ
¶¾
X½
X
(l)
(l)
(l)
ln fg(l) (YN ; η̄g ) + ln
αg exp ln fg (YN ; η̄g ) − ln fg(l) (YN ; η̄g ) ,
M

l
(l)

g
(l)

M

where gM = argmaxg fg (YN ) for l = 1, . . . , m, since the argument of exponential
is assured to be at most zero. Note that the similar calculation is needed for the
(l)
(l)
posterior probabilities p(cg = 1|YN ; θ̄).

